We use a combination of both symbolic and numerical techniques to construct several degree bounded G 0 and G 1 continuous, piecewise spline approximations of real implicit algebraic surfaces for both computer graphics and geometric modeling. These approximations are based upon an adaptive triangulation (a G 0 planar approximation) of the real components of the algebraic surface, and includes both singular points and singular curves on the surface. A curvilinear wireframe is also constructed using minimum bending energy, parametric curves with additionally normals varying along them. The spline approximations over the triangulation or curvilinear wireframe could be one of several forms: either low degree, implicit algebraic splines (triangular A-patches) or multivariate functional B-splines (B-patches) or standardized rational Bernstein-B ezier patches (RBB), or triangular rational B-Splines. The adaptive triangulation is additionally useful for a rapid display and animation of the implicit surface.
Introduction
Many authors use real algebraic surfaces to cope with the problem of modeling complicated shapes 6 35] . Implicitly de ned algebraic surfaces have both advantages, and disadvantages over functional and parametric surfaces 4]. The class of implicit algebraic surfaces is closed under several geometric operations (intersections, union, o set, etc.), often desired in a solid modeling system. On the other hand, free-form geometric modeling (display and shape control) is much easier with parametric curve and surface spline representations (and evidenced by available software systems). This largely motivates the need for constructing parametric spline approximations of real algebraic surfaces.
In computer graphics, most rendering algorithms for implicit surfaces (besides ray tracing 19, 22, 31] ) rely on piecewise linear approximations (triangles,polygons) based on space subdivision or polyhedron continuation. Peterson 28] and Bloomenthal 12] use octrees based on regular 1 spatial partitioning to achieve a polygonal approximation. Hall and Warren 18 ] use a tetrahedral subdivision. Micchelli and Prautzsch 24] use uniform subdivision re nement algorithms for surface generation. Allgower and Gnutzmann, et al, 1] , 2], use simplicial continuation or pivoting algorithms to generate a triangular or quadrilateral polygonal approximation.
In this paper, we use neither space subdivision nor polyhedron continuation. Instead, we use a novel triangular expansion scheme on the surface starting from a seed point and conforming to point and curve singularities on the algebraic surface. We then construct a curvilinear wire frame (minimum bending energy parametric curves with normals for G 1 continuity) and nally t low degree parametric or implicit surface patches to smoothly cover the wire frame to achieve a spline approximation. Compared with prior approaches the surface expansion scheme fully uses the di erential properties of the surface, is second order adaptive and conforms to the surface singularities.
Once a topologically correct triangulation of the implicit surface is achieved, there exist interpolation and approximation spline tting schemes which work, however under various restrictions on the triangulation. . Nasri 25] considers parametric surface interpolation on irregular curvlinear networks with prespeci ed normal conditions at vertices but without singularities. A similar problem is discussed in 27]. Herron 20] uses parametric surfaces interpolating function values and tangential derivatives at the vertices of a triangle. His method is generalized in 21] to cover the G 1 continuity case for smooth (nonsingular) closed surfaces. Smooth interpolation of a curvilinear wireframe with implicit algebraic patches is given in 6]. Seidel 32] ts multivariate functional Bsplines (B-patches) and Bajaj et. al. 5] t iso-contours of trivariate cubic implicit Bernstein-B ezier surfaces (A-patches), to closed surface triangulations.
In this paper, we additionally present two other parametric curve and surface tting solutions to the closed surface interpolation problem for curvilinear networks with singular vertices. One uses a functional patch by subdividing each triangular patch into three smaller patches. The other solution requires rational parametric patches to cover a constructed curvilinear space wire frame. Compared with the method given in 21], our second approach leads to a lower rational degree of approximation and is singularity conforming. Using well known transformation techniques such as 9], one can furthermore convert the smooth rational parametric patches to standardised rational Bernstein-B ezier (RBB) form or even triangular rational B-splines.
The paper is organized as follows: in Section 2, we outline our spline approximation algorithm followed by sections which detail each major step of the algorithm. In section 3, we deal with singularities on real agebraic surfaces. In sections 4, we present the adaptive triangulation scheme from which in section 5, we construct a singularity conforming, curvilinear triangulated wire frame using degree two and degree three parametric cubic curves with minimum bending energy. nally, in section 6 rational parametric patches are constructed with both G Triangulation. This step provides a piecewise linear (triangular) approximation of the surface with correct topology. The approximation of the smooth part is based on the power series expansion and from which triangles are produced (see x4). When the expansible vertices and edges of the triangles approach singular points or linear approximations of the singular curves, the triangulation is stitched to the singular points and edges by adding additional edges and splitting existing triangles.
3. Wire Construction. This step constructs a curvilinear wire frame by providing normals at each vertex of the triangulation and then building a parametric space curve with minimum bending energy, and a normal function along the curve such that the curve interpolates the two vertices of the edge and the curve normal function has the given normal at the vertices and orthogonal to the tangent of the curve (see x5). The normal at a smooth point of the original surface is provided by the gradient of surface. At singular points, the surface normals are not de ned, and the so the incident normals of the wire frame automatically conform (i.e. just G 0 continuous).
4. Patch tting. For each triangular face consisting of three parametric curve wires together with normal functions, this step constructs a parametric surface patch that interpolates the wires and has the normal function along the boundary (see x6).
Computation of Singularities and Seed Points
The set of solutions (or zero set Z(S)) of a collection S of polynomial equations S 1 : f 1 (x 1 ; :::; x n ) = 0 :::::::::::::::::::::::::::: (3.1) S m : f m (x 1 ; :::; x n ) = 0 is referred to as an algebraic set. Algebraic curves and surfaces are algebraic sets of dimension 1 and 2 respectively. Problems dealing with zero sets Z(S), such as the intersection of curves and surfaces, or the decision whether a surface contains a set of curves, are often rst versed in an ideal-theoretic form and then solved using Gr obner basis manipulations. Paper 3] presents an alternative technique based on constructing bi-rational mappings between algebraic varieties and hypersurfaces.
Given m independent equations in n variables (3. This bi-rational map construction is based on the multi-polynomial resultant 23] and multi polynomial remainder sequences. Cases of intersection computation of interest in this paper are the computation of singularities on algebraic surfaces. These are special cases of the above system of equations and bi-rational map construction. Algebraic surfaces can possess both point and curve singularities. Curve singularities reduce to the special case of for n = 3 and m = 2 and x 1 = x, x 2 = y, x 3 = z. In particular the system of equations to compute curve singularities on the surface is given by f(x 1 ; x 2 ; x 3 ) = 0 1 f x 1 (x 1 ; x 2 ; x 3 ) + 2 f x 2 (x 1 ; x 2 ; x 3 ) + 3 f x 3 (x 1 ; x 2 ; x 3 ) = 0 for algebraically independent 1 , 2 and 3 . In practice one computes the common intersection curves of f = 0 and f x 1 (x 1 ; x 2 ; x 3 ) = 0 which are also completely contained simultaneously by the surfaces f x 2 (x 1 ; x 2 ; x 3 ) = 0 and f x 3 (x 1 ; x 2 ; x 3 ) = 0. To test if a curve is completely contained by a surface one needs to only test if (mn + 1) points of the curve lie on the surface, where m and n are the degrees of the curve and surface respectively. Points (x 1 ; x 2 ; x 3 ) on the singular space curve lying on the algebraic surface are then obtained from the special case \triangulated" system (3.2) by rst computing points on the plane curvef(x 1 ; x 2 ) = 0 and then substituting these into x 3 = h 0 (x 1 ;x 2 ) h 1 (x 1 ;x 2 ) . f x 3 = 0. Point singularities on the algebraic surface reduce to the special case of for n = 3 and m = 3 and x 1 = x, x 2 = y, x 3 = z, and given by f(x 1 ; x 2 ; x 3 ) = 0 1 f x 1 (x 1 ; x 2 ; x 3 ) + 2 f x 2 (x 1 ; x 2 ; x 3 ) + 3 f x 3 (x 1 ; x 2 ; x 3 ) = 0 1 f x 1 (x 1 ; x 2 ; x 3 ) + 2 f x 2 (x 1 ; x 2 ; x 3 ) + 3 f x 3 (x 1 ; x 2 ; x 3 ) = 0 for algebraically independent i and i . Again, in practice one computes the common intersection points of f = 0, f x 1 = 0 and f x 2 = 0 and keeps only those points which also satis es f x 3 = 0. Singular points (x 1 ; x 2 ; x 3 ) on the algebraic surface are then obtained from the special case \triangulated" system (3.2) by rst computing zeros of the univariate polynomialf(x 1 ) = 0 and then substituting these into x 2 = h 0 (x 1 ) h 1 (x 1 ) and x 3 = h 2 (x 1 ) h 3 (x 1 ) . Seed points covering each real component of the surface are computed from the intersections of the surface with the bounding box as well x 1 extreme points (for bounded components lying completely within the bounding box). Details of the polynomial system solution are similar to the computation of point singularities and given in 14]. Bounds on the numerical approximation (number of bits of precision) required for the seed points and singular points on the surface are such that the G 0 triangulations can be correctly determined, are similar to ones given for curves in 8, 10] and are based on the gap theorem of 14].
In this paper, we assume the singular curve of the surface is smooth, that is the curve can be rede ned by the intersection of two smooth surfaces and the two surfaces are not tangent at their intersection. A piecewise linear approximation is generated with speci ed density for each singular curve component (see 10] for getting the point list). The line segments of the piecewise linear curve approximation will become the edges of the surface triangulation to be described below. It is easy to see that r(p; k; ) converges to the convergence radius of p (X; Y ) at p as k ! 1. Algorithm 1 Let S be the collection of singular points and point lists on the singular curves of the given real algebraic surface.. Step. For a given smooth point p 0 on one component of the surface f(x; y; z) = 0 and in the given bounding box, we rst compute the P-expression Z = p 0 ;k (X; Y ). On the P-plane, then nd the (p 0 ; k; ){radius. Take three points on the (p 0 ; k; ){circle uniformly, say q 0 ; q 1 ; q 2 , and re ne the points (q i ; p 0 ;k (q i )) by Newton's method such that the resulted points V i are on the surface. If Newton's method fails to converge, reduce the radius of the circle and repeat. If the point V i is outside the bounding box, then adjust it to the boundary. The triangle V 0 ; V 1 ; V 2 ] is the rst one we wanted. And then the angle at each vertex of the triangle that is de ned by the adjacent edges counted outward are computed. In this initial case, each edge is expansible except the one that is on the boundary. 2. General
Step. Suppose we have constructed several space triangles that forms one or more than one connected mesh consisting of triangles. For each mesh, we keep the boundary information such as edges with related expansion point, vertices with angles. Assume now that at least one of the edges is expansible. Then the general step is to construct one more triangle that joins the original one and enlarge the mesh. Refer also to If the line segment (P(V 1 ) + P(V 2 ))=2; q 1 ] intersects a previous edge's projection on the P-plane and the point T ?1 (q 1 ; p 1 (q 1 )) lies on a previous surface patch, we take the intersection point to be q 1 and a new triangle V 1 ; V 2 ; T ?1 (q 1 ; p 1 (q 1 ))] is formed, or alternatively, if the vertices is near(within ) to a singular point in S, then a new edge is added by connecting the vertices to the nearest singular point. In practice, this would be chosen interactively. Otherwise, Let V 2 ; V 4 ] be the other edge connecting to the present vertex. Then if the angle < P(V 4 )P(V 2 )P(V 1 ) 2 , the new triangle is formed by the three points V 4 ; V 2 ; V 1 .Otherwise, If angle < P(V 4 )P(V 2 )P(V 1 ) > 2 , the new triangle is (V 1 ; V 2 ; P ?1 (q 1 ; p 1 (q 1 )).
Final
Step. Repeat the general step iteratively, until every edge is non-expansible. This nishes the generation of the triangle approximation for one real component of the implicit surface. 
Vertex Expansion Approach
In this subsection, we describe an alternate (but related ) scheme for constructing the triangular approximation using vertex expansions. We nd this approach is superior to the edge expansion approach for some surfaces with point singularities. See also the Examples section.
The approach starts from an initial point (vertex) on the surface and then expands outward by using degree k power series expansions as a tool and a as a controller. We refer to it as the (k; ){Triangulation. For easy description of the algorithm, we again introduce some terminology.
Expansible vertex. During the process of expansion of the triangular polygon, a vertex is called expansible if it is a smooth point of the surface f = 0, it is in the interior of the given boundary box and it is on the boundary of the present constructed polygon. Binary partition process.
For a given point p on the surface, its (p; k; ){circle and two points q 1 and q 2 on the circle, let p i = (q i ; p (q i )). The binary partition process is to produce a series of triangles by the following process. a. If 6 p 1 pp 2 , then choose a point q in the middle of q 1 and q 2 and on the circle and de ne p i = (q; p (q)). If the point p i is outside the given bounding box, then set it on the boundary. Repeat this step till the angle is less than . b. 
Final
Step. Repeat general step iteratively, until every vertex is non-expansible. This nishes the generation of the triangulation for one connected component of the real surface.
Constructions of Curvilinear Wire Frames
For each edge of the triangulation, we shall construct a parametric space curve and a normal function (for G   1 smoothness) such that the curve interpolates the end points of the edge and has the given normal, and the normal function interpolates the given normals and is orthogonal to the tangent of the curve. The normals at these vertices are de ned by the original surface normals. However, at the singular points of the surface, the normals are not de ned. Hence the parametric space curve and the normal function will not have normal conditions there. In the following, the construction of the wire frame on an edge is considered in di erent cases according to having two normals, one normal and no normal: Problem 1. Given an edge p 0 ; p 1 ] and two normals n 0 n 1 (i) nd a parametric space curve
C(t) = X(t); Y (t); Z(t)] T such that
C(0) = p 0 ; c(1) = p 1 (5.1) n T 0 C 0 (0) = 0; n T 1 C 0 (1) = 0 (5.2) and (ii) nd a normal function n(t) on C(t) such that n(0) = n 0 ; n(1) = n 1 (5. Problem 2. Given an edge p 0 ; p 1 ] and one normal n 0 or n 1 , (i) nd a parametric space curve C(t) = X(t); Y (t); Z(t)] T such that (5.1) holds and n T 0 C 0 (0) = 0; or n T 1 C 0 (1) = 0 (5.5) and (ii) nd a normal function n(t) on C(t) such that n(0) = n 0 ; or n(1) = n 1 (5.6) and (5.4) holds.
Problem 2 arises when an edge has one smooth end point and one singular end point.
Problem 3. Given an edge p 0 ; p 1 ], (i) nd a parametric space curve C(t) = X(t); Y (t); Z(t)] T such that (5.1) holds and (ii) nd a normal function n(t) on C(t) such that (5.4) holds. Problem 3 occurs when an edge has two singular end-points. Solution of Problem 2(ii). Now we are given only one normal, say, n 0 at p 0 . We specify a normal n 1 at p 1 by taking n 1 to be the normal of C(t) at p 1 such that n 1 lies in the plane de ned by span(n 0 ; p 1 ? p 0 ) and point to the same side of the edge p 0 ; p 1 ] as n 0 . This normal is uniquely de ned and the condition in Lemma 2 is satis ed if n T 0 (p 1 ? p 0 ) 6 = 0. Hence the results above can be used. If n T 0 (p 1 ?p 0 ) = 0, the constant normal function n(t) = n 0 satis es the required condition. Solution of Problem 3(ii). This case occurs when the edge is on a singular curve. Now we can not expect that the constructed surface is smooth. Here the normal function will be constructed several times according to which triangle the edge belongs to. For a speci ed triangle that contains the edge, we take the normals at the end points of the edge to be the other edges curves normals at the corresponding points. Then the normal function is de ned to be the linear function that has the two normals at the end points. Since an edge on singular curve of the original surface will be shared by several triangles, the normal function will be de ned as many times as the triangles. However, the space curve on this edge is de ned uniquely. Therefore, the surface constructed here is continuous but not smooth.
Degree Two Parametric Space Curve With Minimum Bending Energy

Cubic Parametric Space Curve With Minimum Bending Energy
Since conic space curve does not always exist for problem 1, we may use cubic space curves instead. Let C(t) = At Let n 3 ; n 4 satisfy n T 0 n 3 = n T 0 n 4 = n T 3 n 4 = 0 and jjn 3 jj = jjn 4 jj = 1. Then the solution of (5.12) can be expressed as C = n 3 + n 4 . It is not di cult to calculate that when = (4p 2 4 ; p 2 ? p 0 and n 1 are linearly independent by the assumption of the theorem, n 3 can be expressed as n 3 = an 4 + b(p 2 ? p 0 ) + cn 1 . Then by timing n 3 on this equality we know that b 6 = 0 and then by timing n 1 on the same equality we get c 6 = 0. Therefore the matrix n 4 ; p 2 ? p 0 ; n 3 ] is nonsingular.
B. If n 0 ; n 1 are linearly independent, then equation (5.12) has many solutions. Let n 2 = n 0 n 1 ; jjn 2 jj = 1. Then C can be expressed as C = n 2 + n 0 ; 
Normal Function on Cubic Parametric Space Curve
Let the normal function n(t) be in the form n(t) = Et 2 + Ft + G that satis es n(0) = n 0 ; n(1) = n 1 ; n T (t)C 0 (t) 0; t 2 0; 1]:
Since n T (t)C 0 (t) is a polynomial of degree 4 and it vanishes at t = 0 and t = 1, we need to choose three points, say t = 1=4; 1=2; 3=4, such that (5.14) holds. Since G = n 0 ; E = n 1 ? n 0 ? F, we have, for unknown vector F, the following equations 
G 0 Interpolation
Covering conic wire frame
Since the degree of the space curve is 2, we choose one more point on each edge of the triangle in addition to the vertices. Let p i+4 = C i ( 1 2 ); i = 0; 1; 2. Then we have six points (p i ; i = 1; : : : ; 6). The coe cient matrix of (6.1) Covering cubic wire frame Since the degree of the space curve now is 3, we need to choose two more points on each edge of the triangle in addition to the vertices. Let p i+4 = C i ( 1 3 ), p i+7 = C i ( 2 3 ); i = 0; 1; 2. Then we have nine points (p i ; i = 1; : : : ; 9). Now nd a polynomial P 3 of degree 3 such that P 3 (V i ) = p i ; i = Since P 3 has ten coe cients, one more equation P 3 (V ) = p is needed, where V = (u; v; w) is any given point inside the triangle and p 2 IR 3 that can be used to control the shape of the patch. It is easy to check that the resulting system of linear equations has a nonsingular coe cient matrix for any V inside the triangle.
G 1 Interpolation
We now wish to construct the surface patch such that it has the given normal on the wire frame. The composite surface constructed in this way is therefore tangent plane continuous (G 1 ).
Covering conic wire frame
The patch is de ned in the following form P(u; v; w) = P 2 (u; v; w) + uvwP 1 (u; v; w) where P 2 is a BB-form (Bernstein-B ezier) polynomial of degree 2 that covers the conic wire frame. P 1 is a rational function in the form of P 1 (u; v; w) = uvP w + uwP v + vwP u uv + uw + vw (6.2) and P u ; P v and P w are constants (polynomial of degree 0) to be determined such that G 1 continuity is guaranteed. Since variable t in C i (t) and n i (t) can be changed into (1 ? t), we may assume, P u (t) T n 0 (t) = a P v (t) T n 1 (t) = b P w (t) T n 2 (t) = c (6.13) where a, b, and c are constants. The left side of (6.13) are polynomials of degree 1. At point u = v = w = 1 3 , we give a vector p of P 1 that controls the shape of the patch. Then we have the following equation. In order to study the singularity of the coe cient matrix, we assume n T 0 (1) = n T 1 (0), n T 1 (1) = n T 2 (0), n T 1 (1) = n T 0 (0). Then by some elimination we know that the coe cient matrix is nonsingular if the matrix n 0 ; n 1 ; n 2 ] is nonsingular. Therefore we have Lemma 6.1. If n 0 ; n 1 ; n 2 ] is nonsingular, the G 1 interpolation problem with one control point has an unique solution.
Note. One way to choose the control value p at the middle point is to take p = 0. The condition that the matrix n 0 ; n 1 ; n 2 ] is nonsingular in Lemma 4.1 can be relaxed as that the vectors n 0 ; n 1 and n 2 are pairwise independent. In this case, equation (6.13) can be solved separately with one degree of freedom left that can be used to control the shape at point u = v = w = 1 3 in the least square sense.
Covering cubic wire frame
The patch now is de ned in the following form P(u; v; w) = P 3 (u; v; w) + uvwP 1 (u; v; w) where P 3 is a BB-form polynomial of degree 3 that covers the cubic wire frame. P 1 is a rational function in the same form of (6.2). P T u n 0 (t) = a(t) P T v n 1 (t) = b(t) P T w n 2 (t) = c(t) where the normal functions n i (t) and a(t), b(t), and c(t) are polynomials of degree 2. In fact, this system can be solved separately for P u ; P v and P w . Each equation has unique solutions i the coe cient vectors of the corresponding normal function are linearly independent. In practice, we solve these equations by least-squares approximation.
Examples
We present some nontrivial examples of piecewise rational approximations of implicit algebraic surfaces in GANITH, 7], an X-11 based interactive algebraic geometry toolkit, using Common Lisp for the symbolic computation (resultants) and C for all other numeric and graphical computations.
The examples shown in 
